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Ahmed Chemori, Mazen Alamir. Multi-step limit cycle generation for Rabbit's walking based on nonlinear low dimensional predictive control scheme. Mechatronics, Elsevier, 2006, 16, pp.259-277. hal-00083873 31 In recent years, the robotics community has shown 32 increasing interest in the area of legged walking robots 33 [29, 2] . An excellent database of climbing and walking 34 robots built all over the world can be found in [2] . One 35 of the serious reasons for exploring the use of legged robots 36 is the mobility [23] , there is a need for vehicles that can tra-37 vel in difficult terrains, where existing wheeled vehicles can-38 not go, since wheels excel on prepared surfaces such as rails 39 and roads, but they perform poorly on rough terrains. culty is to define virtual controls [8] . Typically, reference 75 trajectories are defined on the whole state including indi-76 rectly controlled sub-states. These trajectories are depen-77 dent on some parameter vector p that can be either a 78 virtual time, a remaining free polynomial coefficient or 79 both. Generally, the second time-derivative of the param-80 eter p becomes a virtual additional control enabling 81 under-actuation to be conceptually overcome. Clearly, 82 technical details are to be investigated when this second 83 derivative is monitored by the tracking requirements (vir-84 tual time needs to be monotonic, coefficient excursions 85 have to be compatible with geometric constraints, etc.) 86
The reference trajectories to be tracked may be computed 87 using classical constrained optimal control tools. Several 88 optimization criterions have been proposed [31, 26, 30] . 89 2. A second way to handle under-actuation is to use the 90 concept of virtual constraints and the associated zero-91 dynamics [12, 35, 36] . Namely, some regulated output is 92 suitably defined that can be exactly tracked using the 93 available control inputs. The constrained dynamics of 94 the remaining sub-state on the zero-output manifold is 95 then called the zero-dynamics [17] . This methodology 96
is therefore based on the analytical study of the resulting 97 zero-dynamics that corresponds to each particular 98 choice of the regulated output. If the latter is taken in 99 a parameterized closed-loop form, off-line optimization 100 can then be used to enhance the asymptotic stability of 101 the zero-dynamics [12, 35, 36] . A particular feature when 102 dealing with the zero-dynamics associated to bipeds is 103 their hybrid nature [36] . 104 3. A third way to handle under-actuation in nonlinear 105 dynamical systems is predictive control schemes 106 [4, 20, 11] . Indeed, these schemes ensure stability by con-107 trolling the behavior of the whole state at some future 108 time, say N-sampling times ahead. This naturally sup-109 presses under-actuation since the number of control 110 d.o.f. is r · N where r is the number of actuators while 111 the controlled state is still n-dimensional. Therefore, 112 under-actuation generically disappears as soon as 113 Nr P n.
114 115 The work proposed in this paper might be viewed as a 116 mixture of the last two categories. Namely a nonlinear pre-117 dictive control scheme is proposed for the control of a five-118 link 7 d.o.f. under-actuated biped robot while the stability 119 of the resulting zero-dynamics is explicitly studied. Con-120 trary to the approach adopted in [1] , where a somehow 121 black-box formulation is used to define the auxiliary 122 open-loop optimization problem, our approach leads to 123 low dimensional decision variables. This may be crucial 124 in a real-time implementation context. In particular, it is 125 shown that with a scalar such open-loop optimization 126 problem, provably stable and quasi-cyclic motions can be 127 generated.
128 The basic differences between the approach proposed in 129 this paper and existing provably stable limit-cycle genera-130 tion can be summarized as follows:
131
• The limit cycle so-obtained may include several steps. 132 Namely, the robot configuration just after the impact 133 is not necessarily the same as the one just after the pre-134 ceding impact. This happens especially with very low 135 dimensional (scalar) predictive control. By increasing 136 the d.o.f. of the control parameterization, classical 137 one-step limit cycles may be recovered, but the underly-138 ing predictive control may not be real-time 139 implementable. 140 • The resulting closed-loop trajectories do not necessarily 141 correspond to a periodic motion of the torso. The latter 142 converges to a neighborhood of a stable limit cycle. This 143 is a crucial point since it has been pointed out in [27, 9] 144 that such periodic motion is hard to achieve with at least 145 polynomial trajectories of the actuated variables. 146 147 Sufficient conditions for the stability of the feedback 148 scheme are derived together with a concrete computation 149 procedure to compute the corresponding region of attrac-150 tion related to the zero-dynamics of the closed-loop sys-151 tem.
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152
This paper is organized as follows. First, the biped robot 153 prototype is described in Section 2. Then the proposed pre-154 dictive control approach is presented in a rather general 155 setting (Section 3). Computable sufficient conditions for 156 stability are derived and implementation related topics 157 are discussed in Section 4. Finally simulation results are 158 given in Section 5, illustrating the potentiality of the pro-159 posed solution. These simulations include scenarios where 160 a stable walk is obtained from the rest position as well as 161 transitions between different desired mean walking speeds. 162 Robustness against model parameters uncertainties and 163 ground irregularities are also verified. The paper ends by 164 some concluding remarks.
165 2. The RABBIT prototype description
166
The academic prototype RABBIT [10] is a biped walking 167 robot with five links and seven d.o.f. (see Fig. 1 ), which 168 results from the joint effort of several French laboratories 169 (Mechanical engineering, Automatic control, and Robot-170 ics) working on a project on control of walking robots. 
177
Using Lagrange formulation [32] , the mathematical 178 model describing the biped moving in the sagittal plane is 179 as follows: 186 is the vector of control inputs, S is a torque distribution ma-187 trix, q ¼½ q 31 q 41 q 32 q 42 q 1 xy T 2 R 7 is the vector of gen-188 eralized coordinates (see Fig. 3 ). Finally, F ext represents the 189 external forces acting on the robot (contact forces with the 190 ground). Following the proposed decomposition of the 191 walking cycle proposed in [12] , the walking cycle can be di-192 vided into two consecutive phases of motion (see Fig. 4 ). In 193 the first one, the biped remains in contact with the ground 194 through one foot (single support (SS) phase). The other 195 one is the impact phase [3] that is often considered as instan-196 taneous and characterized by a collision between the swing 197 leg and the ground. Since the assumption that the robot is 198 walking on horizontal surface without obstacles is made, 199 the switching from one walking phase to another is closely 200 related to the vertical position of the robot free leg tip. Let 201 this position be denoted by r(q), the stance leg is denoted by 202 (q 31 , q 41 ), and the swing leg by (q 32 , q 42 ), therefore 1 For a detailed information, see http://robot-rabbit.lag.ensieg.inpg.fr/. Fig. 4 ). On the other hand, 212 the lift-off from ground occurs just after the impact [3] and 213 may be expressed as (after re-labelling the variables)
216 and it characterizes the switch from the impact phase to the 217 single support phase (cf. Fig. 4 ). Note that q + denotes the 218 vector of the generalized coordinates just after the impact 219 (cf. Section 2.1.2). In the following sections, the dynamic 220 equations for these two phases are presented. 221 2.1.1. The single support phase model 222
In this phase only one foot is grounded, and the biped is 223 modelled by the following differential equation [32] :
225 225 226 where J 1 (q) represents the Jacobian matrix of the holo-227 nomic contact constraints, and k the Lagrange multipliers 228 of contact forces. Assuming that (q 31 , q 41 ) is the stance 229 leg, the contact constraints may be expressed by 230 
2 The system looks like a kinematic chain [15] . 3 But the generalized positions still unaltered i.e. q + = q À = q. 
308
Under single support assumption, the five independent 309 degrees of freedom can be subdivided into two parts In what follows, the following notations are used 341 377 It is worth noting that p 2 P is the remaining free 378 parameter, once the constraints (19) and (20) have been 379 structurally imposed, on some initial parameterization. 380 This is typically easy to realize with polynomial parameter-381 ization [9] of trajectories since (19) and (20) 
where m 1 is the mass of the torso, l 1 its length, u 1 and u 2 400 are the torques of the femurs. 401
Using Eqs. (4) and (5) and using the impact equation (cf. Eq. (14)) together 425 with the predicted values (21) and (26) one can derive 426 an expression of the predicted value of Z 1 just after 427 impact
The value of the reference trajectory's parameter pðs i k Þ is 431 then given by the optimal solution of the following qua-432 dratic optimization problem 433p ðs 
Stability definition
482
As it can be easily understood from Figs. 5 and 6,a n 483 asymptotically stable k 0 -cyclic trajectory on the whole state 484 results whenever the following property holds for the 485 closed-loop system's behavior: 
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488 similarly, a neighborhood of a k 0 cyclic trajectory on the 489 whole is asymptotically stabilized whenever the following 490 property holds for some small e >0, The aim of the following section is to give sufficient con-494 ditions under which one of the above conditions is satisfied 495 for some k 0 2 N with a graphical tools enabling a concrete 496 evaluation of the associated conditions (see Proposition 1 497 hereafter). 
506 506 507 which is a discrete-time autonomous system (for fixed Z f 508 and N c ) in the sub-state Z 1 for which stability is to be 509 investigated. More generally, the following multi-step 510 map is particularly relevant to assess the stability of the 511 above predictive control scheme, namely, 512
515 where C k 0 is obtained by repetitive application of C(AE). Note 516 that this map is easily computable by simulating k 0 steps 517 under the closed-loop feedback law explained in the previ-518 ous section. It is worth noting that such computations are 519 to be done off-line for stability investigations. The on-line 520 feedback however is still based on one-step scalar optimiza-521 tion as explained in the preceding section. The whole 522 closed-loop system stability analysis is based on the follow-523 ing proposition 524 Proposition 1 525 1. If for some ðk 0 ; N c Þ2N Â N, there is . > 0 such that 526 sup
529 then the predictive control closed-loop leads to a stable 530 walk for all initial conditions belonging to the set 531
548 (see Fig. 7 for a typical situation) then the set 549
552 is invariant and attractive for all initial conditions in C 0 553 (an e-neighborhood of the limit cycle is reached). 554 555 Proof 556 1. Straightforward since condition (35) implies that the set 557 M . is invariant under the composed map C k 0 ðÁ; Z f ; N c Þ, 558 more precisely A Note again that the investigation of (35)-(38) may be 586 done off-line simultaneously and in a deterministic way 587 by solving the following two-dimensional optimization 588 problem wðr; N c ; k 0 Þ :¼ sup Concrete examples of such plots are given in 595 Section 5 for a specific choice of the design parameters 596 Z f , Q and N c . It is then shown that the condition of point 597 3. of Proposition 1 are satisfied for k 0 = 3 (see Fig. 11 ) 598 while it is not satisfied for k 0 = 1, 2. This shows the need 599 for non trivial multi-step map (34) in establishing the sta-600 bility of the underlying closed-loop behaviour. 601 4.3. Implementation issues
602
The reference trajectories (18) are implemented using 603 Matlab cubic spline interpolation functions with various 604 end-conditions. They are parameterized with a free param-605 eter p which should be computed by solution of the optimi-606 zation problem (28) . The use of the cubic spline functions 607 requires the definition of the end-conditions, in our case 636 In the first case there is no problem, the whole closed-637 loop system behavior looks like the predicted one. In the 638 second case, when the impact is detected, the reached con-639 figuration just after the impact is considered as an initial 640 configuration, the final desired configuration is then com-641 puted, and a new step starts (illustrated in simulation 4). 642 While in the third case, the impact is not detected at the 643 expected instant, so the control system proceed to an 644 extrapolation of the computed trajectories (using the 645 Matlab PPVAL function) until the occurrence of the forth-646 coming impact. The whole control approach is summarized 647 in the diagram depicted in Fig. 9 that illustrates how it 648 works. 649
Illustrative simulations
650
Consider the biped robot model (7) and (14) with the 651 parameters summarized in Table 1 . The control parameter 652 N c = 1 is used in the following simulations, enabling a large 653 admissible on-line computation time. Indeed, with this 654 choice, s c = t f and the trajectories being tracked during 655 the step are updated just after each impact. The following 
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656 choice of the parameter p is used in the definition of the 657 predictive control law (see Section 3):
662 Remark 2. The proposed choice of the optimization 663 parameter represents the angular position of the femur of 664 the swing leg at median instant between two impacts. This 665 is a particular choice among many others, for instance one 666 can imagine any free parameter on the trajectories of the 667 actuated coordinates or their derivatives, it can also be one 668 of the configuration parameters (q for instance).
669
Two simulation scenarios are proposed:
670 
698 This enables a simple choice of the desired final configura-699 tion just before the impact z f 2 using parameters that are di-700 rectly linked to the mean velocity and the geometric 701 configuration [32] . 
704
The aim of this simulation is to take the robot from a 705 rest position to a constant speed periodic walking. The con-706 figuration z f 2 and the other control design parameters are 707 summarized in Table 2. 708 5.2.1. Stability analysis according to Proposition 1 709
In this section, it is shown that under the feedback 710 defined above, the sufficient conditions invoked in point 711 3. of Proposition 1 are satisfied. This can be verified on 712 Fig. 11 , that shows the multi-step map wðr; N c ; k 0 Þ¼ sup 
733
This example shows clearly the need to the multi-step 734 stability analysis tool developed in Proposition 1, since 735 for k 0 < 2, stability cannot be claimed.
736
Remark 3. To give some concrete idea about how large is 737 the region of attraction, note that the set of initial 738 conditions M . leading to convergence to the neighborhood Step 
744
The behavior of the closed-loop system is to be illus-745 trated through the following simulation results. In Fig. 13 746 the phase portrait ðq 1 À _ q 1 Þ [16] of the unactuated coordi-747 nate (torso) is displayed, where we note the convergence 748 to a neighborhood of a limit cycle of length 2, which con-749 firm the stability result discussed above. The mean walking 750 velocity evolution is shown in Fig. 14 where the transition 751 from a rest to the desired mean velocity stable walk can be 752 observed. Note that the mean velocity is computed as the 753 ratio between Dx(k) and t f where Dx(k)=x(t k ) À x(t kÀ1 ). 754 The position and velocity of the torso coordinate is shown 755 in Fig. 15 where we note through its trajectory that it 756 remains close to the vertical. The cartesian coordinates 757 (and their corresponding velocities) of the hips are depicted 758 in Fig. 17 (for the x coordinate) and in Fig. 18 (for the y 759 coordinate), furthermore the resulting trajectory of the hips 760 in the plane x À y is illustrated in Fig. 16 . 761 The system control inputs (i.e. joint torques) to be 762 applied to the actuated joints are depicted in Fig. 19 for 763 both femurs, and in Fig. 20 for both tibias. We note that 764 RABBIT is equipped with dc motors of a maximum torque 765 of 150 N m, therefore according to the figures of the gener-766 ated torques we conclude that this bound is largely satis-767 fied, but it should also be checked that the power 768 requirement remain within the admissible limit. 
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787 que, for the four robot actuators, where it could be clearly 788 seen that the actuators power requirement is admissible. 789 The contact foot interaction forces with ground are plotted 790 versus time in Fig. 22 , where we note that the condition of 791 the friction Coulomb's law is largely satisfied (this is clearly 792 seen through the amount of the ratio k t /k n with respect to 793 the friction coefficient which is l 0 = 0.7). Fig. 23 illustrates 794 the movement of the robot by means of a set of walking 795 stick figures (for the three first steps).
796 5.2.3. Computation time evaluation 797 In order to evaluate the computation time of the pro-798 posed control scheme, let us consider biped walking for 799 50 steps with a constant speed. The evaluation of the com-800 puting time is displayed in Fig. 12 , which represents the 801 evolution of the computing time versus cycles (steps). The 802 maximum value is given by t max = 0.97 s. For real time 803 implementation the on-line optimization is replaced by an 804 interpolation procedure. The basic idea is to define a grid 805 on the space ðq 1 ; _ q 1 Þ, and for all the points the optimization 806 problem is resolved off-line to define the corresponding 807 optimization parameter p, so that at the end of the proce-808 dure a look-up table is obtained. In the experiments this 809 look-up table is used to find, for the chosen configuration, 810 the optimization parameter at each sample time knowing 811 the initial condition (position and velocity) on the unactu-812 ated coordinate. The generated torques are plotted in Figs. 32 and 33 for 842 the femurs and tibias respectively, while in Fig. 30 it is 843 checked that power requirement remain within the permit-844 ted limit. The contact forces with ground of the stance leg 845 foot are depicted in Fig. 31 , where we see clearly that the 846 robot keeps contact with ground during walking. 847 5.4. Simulation 3: robustness against parameters 848 uncertainty
849
In order to investigate the robustness of the proposed 850 controller, let us introduce parameter uncertainties. The 851 inertias of the robot links, namely I 1 (the torso), I 3 (the 852 femur) and I 4 (the tibia) cf. In Fig. 34 the positions and velocities of the first leg 860 femur are plotted for the nominal system (solid line), as 861 well as for the uncertain system (dashed line). Whereas in 862 Fig. 35 , the positions and velocities of the tibia are plotted. 863 It can be seen clearly that the introduced uncertainty affects 864 more the femur coordinates. 865
The behavior of the unactuated coordinate (torso) is 866 represented in Fig. 36 which plots the evolution of its posi-867 tion and velocity versus time. A convergence to a new sta-868 ble cyclic trajectory is observed. This fact can be seen also 869 on the phase portrait of Fig. 37 , where a convergence to a 870 neighborhood of a new limit cycle (different from that of 871 the nominal system) of length 2 is observed for the uncer-872 tain system. 873 In Figs. 38 and 39 the control inputs of the robot are 874 plotted, they represent the torques generated by the pro-875 posed controller for the femurs articulations (Fig. 38) and 876 for the tibias articulations (Fig. 39) . 
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887 evolution of the position and the velocity of the torso are 888 displayed. Where it could be seen clearly the convergence 889 to a new cyclic trajectory for the uncertain system. An 890 other interesting point result in the periodicity of the veloc-891 ity trajectory which is of 1 cycle. This last fact could be bet-892 ter observed on Fig. 41 of the phase portrait, where one 893 notices a convergence to an other stable limit cycle. How-894 ever the new limit cycle is of length 1, consequently the 895 introduced uncertainty on the torso masse has induced a 896 deformation of the limit cycle. 897 5.5. Simulation 4: robustness against ground irregularities
898
The aim is to investigate the robustness of the proposed 899 controller, against ground irregularities. Let us make the 900 robot walking on a horizontal surface with a stair at a dis-901 tance of 1.4 m from the robot, the stair is 1 cm height.
902
According to the robot configuration, namely the step 903 length d = 0.3 m, the robot hits the stair during the fifth 904 walking step. 905 The approach parameters are the same as previous sim-906 ulations except the weighting matrix in the optimization 907 criterion which is chosen Q = Diag{1, 0.1}, and the step 908 duration which is of t f = 1 s now. This change in these 909 two parameters have been adopted because it gives a better 910 results, namely a configuration with these parameters 911 choice is more robust than the configuration with the old 912 values.
913 The corresponding simulation results are depicted in 914 Figs. 42-47. It is worth to note that the impact is detected 915 at the instants t = 1 s for all steps, except for the step dur-916 ing which it hits the stair (fifth step), where the impact 917 instant corresponding to this last one is t = 0.935 s, which 918 is before the expected time t =1s. 943 The basic idea of the approach is to split up the vector of 944 coordinates into actuated and unactuated variables. Then 945 on-line optimization is used to update reference trajectories 946 on the actuated coordinates, to aim to enhance the behav-947 ior as well as the stability of the unactuated variables.
948 The stability analysis of the resulting closed-loop system 949 is carried out using a graphical tool based on the Poincaré 950 section. Sufficient conditions for the stability of the motion 951 are proposed and a concrete computation procedure is 952 given to estimate the corresponding region of attraction 953 related to the zero-dynamics of the closed-loop system. 954 The particular case of scalar predictive control is success- 
